Graph-based representations have been used with considerable success in computer vision in the abstraction and recognition of object shape and scene structure. Despite this, the methodology available for learning structural representations from sets of training examples is relatively limited. In this paper we take a simple yet effective spectral approach to graph learning. In particular, we define a novel model of structural representation based on the spectral decomposition of graph Laplacian of a set of graphs, but which make away with the need of one-to-one node-correspondences at the base of several previous approaches, and handles directly a set of other invariants of the representation which are often neglected. An experimental evaluation shows that the approach significantly improves over the state of the art.
INTRODUCTION
Graph-based representations have been applied with considerable success to several tasks as convenient means of representing structural patterns. Examples include the arrangement of shape primitives or feature points in images, molecules, and social networks (Estrada and Jepson, 2009) . Their success lies in their ability to concisely capture the relational arrangement of primitives, in a manner which can be invariant to irrelevant transformation such as changes in object viewpoint. Despite their many advantages and attractive features, the methodology available for learning structural representations from sets of training examples is relatively limited, and the process of capturing the modes of structural variation for sets of graphs has proved to be elusive.
Structural representations are widely adopted in the context of Bayesian networks, or general relational models (Friedman and Koller, 2003) , where structural learning processes are used to infer the stochastic dependency between these variables. However, these approaches rely on the availability of correspondence information for the nodes of the different structures used in learning. In many cases the identity of the nodes and their correspondences across samples of training data are not known, rather, the correspondences must be recovered from structure.
In the last few years, there has been some effort aimed at learning structural archetypes and clustering data abstracted in terms of graphs. In this context, spectral approaches have provided simple and effective procedures. For example, Luo and Hancock (Luo et al., 2006) use graph spectral features to embed graphs in a (low) fixed-dimensional space where standard vectorial analysis can be applied. While embedding approaches like this one preserve the structural information present, they do not provide a means of characterizing the modes of structural variation encountered and are limited by the stability of the graph's spectrum under structural perturbation. Bonev et al. (Bonev et al., 2007) , and Bunke et al. (Bunke et al., 2003) summarize the data by creating super-graph representation from the available samples, while White and Wilson (White and Wilson, 2007 ) use a probabilistic model over the spectral decomposition of the graphs to produce a generative model of their structure. While these techniques provide a structural model of the samples, the way in which the super-graph is learned or estimated is largely heuristic in nature and is not rooted in a statistical learning framework. Torsello and Hancock (Torsello and Hancock, 2006 ) define a superstructure called tree-union that captures the relations and observation probabilities of all nodes of all the trees in the training set. The structure is obtained by merging the corresponding nodes and is critically dependent on the order in which trees are merged. Todorovic and Ahuja (Todorovic and Ahuja, 2006) applied the approach to object recognition based on a hierarchical segmentation of image patches and lifted the order dependence by repeating the merger proce-dure several times and picking the best model according to an entropic measure. While these approaches do capture the structural variation present in the data, the model structure and model parameter are tightly coupled, which forces the learning process to be approximated through a series of merges, and all the observed nodes must be explicitly represented in the model, which then must specify in the same way proper structural variations and random noise.
In more recent work (Torsello, 2008; Torsello and Rossi, 2011) Torsello and co-workers proposed a generalization for graphs which allowed to decouple structure and model parameters and used a stochastic process to marginalize the set of correspondences. The process however still requires a (stochastic) one-to-one relationship between model and observed nodes and could only deal with size differences in the graphs by explicitly adding a isotropic noise model for the nodes.
In this paper we aim at defining a novel model of structural representation based on a spectral description of graphs which lifts the one-to-one nodecorrespondence assumption and is strongly rooted in a statistical learning framework. In particular, we follow White and Wilson (White and Wilson, 2007) in defining separate models for eigenvalues and eigenvectors, but cast the eigenvector model in terms of observation over an implicit density function over the spectral embedding space, and we learn the model through non-parametric density estimation. The eigenvalue model, on the other hand, is assumed to be log-normal, due to consideration similar to (Aubry et al., 2011) .
SPECTRAL GENERATIVE MODEL
Let G = (V, E) be a graph, where V is the set of nodes and E ⊆ V × V is the set of edges, and let A = (a i j ) be its adjacency matrix. The degree d of a node is the number of edges incident to the node and it can be represented through the degree matrix D = (d i j ) which is a diagonal matrix with d ii = ∑ j a i j . Starting from these two matrix representations of a graph, it is possible to compute the Laplacian matrix, which is defined as the difference between the degree matrix D and the adjacency matrix A:
Laplacian is a symmetric positive-definite matrix. Its lower eigenvalue is equal to 0 with multiplicity equal to the number of connected components in G. Further, the Laplacian is associated with random walks over the graph and it has been extensively used to provide spectral representations of structures (Litman and Bronstein, 2014) . The spectral representation of the graph can be obtained from the Laplacian through singular value decomposition. Given a Laplacian L, its decomposition is L = ΦΛΦ T , where Λ = diag(λ 1 , λ 2 , ..., λ |V | ) is the matrix whose diagonal contains the ordered eigenvalues, while Φ = (φ 1 |φ 2 |...|φ |V | ) is the matrix whose columns are the ordered eigenvectors. This decomposition is unique up to a permutation of the nodes of the graph, a change of sign of the eigenvectors, or a change of basis over the eigenspaces associated with a single eigenvalue, i.e., the following properties hold:
where indicates isomorphism of the underlying graphs, P is a permutation matrix, S is a diagonal matrix with diagonal entries equal to ±1, and B λ is a block-diagonal matrix with the block diagonal corresponding to the eigenvalues equal to λ in Λ and is orthogonal while all the remaining diagonal blocks are equal to the identity matrices.
Our goal is to devise a model for the graph spectra that can capture the main modes of variation present in a set of sample graphs, and that takes into account the invariances of the spectral representation. Following (White and Wilson, 2007) we make two separate and independent models for the eigenvalues and eigenvectors of the Laplacian:
where Θ is the graph-class model divided into its eigenvalue-model component Θ Λ and eigenvectormodel component Θ Φ .
For the eigenvalue model we follow (Aubry et al., 2011 ) and opt to model the observation distribution of a single eigenvalue as a log-normal distribution. In (Aubry et al., 2011) it was shown that this model derived directly from rather straightforward stability considerations derived from matrix perturbation theory. As a result, we model the set of eigenvalues as a series of independent log-normal distribution, one per eigenvalue used, resulting in:
where µ i and σ i are model parameters to be learned from data and d is the number of eigenvalues/eigenvectors used in the model.
On the other hand, the eigenvector component is modelled as an unknown distribution F on the d-
The d-dimensional spectral embedding of a graph is obtained from the eigenvector matrix Φ G by taking its first d columns, corresponding to the eigenvectors associated with the d smallest eigenvalues, excluding the trivial constant eigenvector corresponding to a 0 eigenvalue. With the reduced n × d eigenvector matrixΦ at hand, we take its rows to be points in the d dimensional spectral embedding space Ω d . Note that there is a length invariance in the eigenvectors, which are usually assumed to be of unit Euclidean norm. This, however, results in a size compression of the spectral embedding points as the graph size grows. To correct this issue we scale the embedding vectors by multiplying them by the graph size n.
With this model we cast the learning phase into a non-parametric density estimates of the distribution of the spectral embedding points φ G 1 , . . . , φ G n . Under these assumptions, the eigenvector model parameter
. . , θ Φ N corresponding to samples from the unknown density function. In the learning phase these are obtained aligning and merging spectral embedding points from the sample graphs belonging to each class.
This per-vertex sample approach takes care of the permutational invariance, but we still need to explicitly deal with the other invariances, i.e., the sign of eigenvectors and choice of an eigenbasis. We solve those invariances by optimizing over the respective transformation groups. Furthermore, we lift the block constraint over the eigenbasis selection, relaxing it to an optimization over the orthogonal group O(d). This results in the following definition of the eigenvector probability:
which is the product of Parzen-Rosenblatt kernel density estimators. φ G i is the vector obtained taking the first d elements of the i-th row of the eigenvector matrix Φ G and θ Φ j is the j-th component of the eigenvector model Θ Φ . Here we assume that the model is simply an array of samples from the graph class.
In this work we use Silverman's rule-ofthumb (Silverman, 1986) for the multivariate case to estimate the bandwidth parameter h.
where σ is computed as the squared root of the trace of the covariance matrix Σ of the eigenvector model divided by the number of nodes of the model
Model Learning
The learning process aims to estimate the parameters for the eigenvector and eigenvalue models. Given a set of graphs G = {G 1 , G 2 , . . . , G m }, belonging to the same class C , we firstly compute their spectral decomposition, obtaining the set
In particular, the Φ C i s are composed by column vectors which are the first d non-trivial eigenvectors of the Laplacian matrix of the corresponding graph, while the Λ C i s contain the first d non-zero eigenvalues. Hence, d represents our embedding dimension. The eigenvector model of the class C , denoted as Φ C , is defined as
where φ i j denotes the j-th non-trivial eigenvector (still a column vector) of the i-th graph of the set G. In other word, we perform a vertical concatenation of all the eigenvectors matrices of the graphs that belong to class C . Thus, the dimension of the eigenvector model of the class is (∑ m i=1 ||G i ||) × d.
Estimating the Eigenvector Sign-flips
The eigenvector matrix produced by the eigendecomposition is unique up to a sign factor. Since our method characterize every node of a graph with a feature vector, a sign disambiguation is mandatory. There are several techniques that allow to detect and solve this ambiguity, like using the correlation between two functions (i.e. probability density functions). If the correlation grows after a flip, then the eigenvector sign should be flipped. Unfortunately, with increasing size, this method becomes computationally heavy.
For such reason, we have to employ an heuristicbased method in order to solve the sign-ambiguity problem. Since it is an heuristic approach, it does not guarantee the discovery of all the correct signs. Given two graphs G A and G B , which belong to the same class C , let Φ A j and Φ B j be the j-th eigenvectors of the spectral representation of the graphs. We assume eigenvectors to be random variables having unknown probability density function. We assume that all the j-th eigenvectors of graphs in the same class share a very similar pdf among them, up to the sign. A flipped sign does not influence the shape of a pdf, but the peak of the function results shifted. Once a reference graph is selected (for example, A), the sign ambiguity is solved by checking the sign of the peaks of each eigenvector of the reference graph and the others. An eigenvector is flipped when the signs of the peaks are different.
The pdf s of each eigenvector are estimated using kernel density estimation. The density estimates are evaluated at 100 points covering the range of the eigenvectors. Those evaluations are then used to find the peaks, more precisely the related independent variables x A * j and x B * j of the functions. Hence, to solve the sign-ambiguity issue, before the construction of Φ C , we flip each graph according to a reference graph G f (chosen randomly within G) using (9). The next step involves the rotation of each eigenvectors matrix according to the same reference graph G f .
Estimating the Eigenvector Orthogonal Transformation
The sign disambiguation process produces a rough rotation which helps to align the eigenvectors of a graph with respect to the eigenvectors of a reference graph. In order to minimize the variance between the eigenvector matrices of a reference graph (one for each class) and the eigenvector matrices of the other graphs, another rotation step is applied. In particular, we are looking for the rotation which minimize the distance between the nodes of two graphs. More formally, we want to maximize the following:
arg max
where
The above formulation of the optimization problem is then applied to our definition of probability density applying the constraints to a ParzenRosenblatt kernel density estimator, obtaining arg max
We subdivide our rotation matrix in two rotation matrices, namely R (the initial rotation) and S (an additive rotation). The log-likelihood obtained after the introduction of the new rotation matrix to equation 12 can be written as
Let α i j be defined as
h 2 (14) In order to solve 10, we compute the gradient with respect to the additive rotation matrix S introduced in 13.
Since they are scalar
We can now rewrite 13 as
For the sake of readability, let A be defined as
Since S is an orthogonal rotation matrix, it belongs to the Lie group O(d). The tangent space at the identity element of the Lie group is its Lie algebra, which is the skew-symmetric matrices space. The skew-symmetric component of a matrix M is given by
In order to project the gradient to the null space (to find the maximum), we have to make AR T symmetric. The rotation matrix R which symmetrizes the 
which is symmetric. Refer to figure 1 for a graphical example of the described process.
To compute the rotation we used the following algorithm:
1. The initial value of R is the identity matrix 2. Compute α i j (14) for each i = 1, . . . , n (where n is the number of nodes of a graph) and j = 1, . . . , N (where N is the number of nodes of the model). The maximum number of iterations parameter was set to 10 for the results showed in section 3.
Compute the matrix

Estimating the Eigenvalue Model
. . , G m } be a set of graphs belonging to the same class C , and let {Φ 
be a m × d matrix containing the firsts d non-zero eigenvalues of the spectral representation. We assume that all the j-th eigenvalues of Λ C i , with j = 1, . . . , d, are distributed as a log-normal distribution, as shown in 5. We do a maximum likelihood estimate for the model parameters resulting in:
Prediction
Once the models are computed, we can combine them in order to classify a graph which does not belong to the training set used to compute {Φ C , Λ C }. Let G * be such graph. Let Φ * and Λ * be the spectral decomposition of the Laplacian of G * . Thanks to the assumption of independence between the two models, we can define the prediction as the posterior probability Average classification accuracy on all the datasets as we vary the embedding dimension for both the eigenvalues and eigenvectors matrices.
Once both the above mentioned probabilities are computed, i.e. the probabilities with respect to the eigenvector model and to the eigenvalue model, and still assuming the independence between them, we can compute the conditional distribution with respect to the class C using equation 23. But since both P(Φ * | Φ C ) and P(Λ * | Λ C ) come from a logderivation (equation 25 and 26), it can be rewritten as
In particular, the eigenvector model log-likelihood is defined as
where n is the number of nodes of the graph G * , whilē x i is the row vector containing all the d coordinates of the eigenvector matrix. The eigenvalue model log-likelihood is defined as
with µ Θ i and σ Θ i which are the parameters estimated using 22.
Finally, a decision rule is applied in order to predict the membership of a graph to a certain class. In particular, for this work we classify the graphs assigning them to the most probable class (i.e. the class that yields the higher value).
EXPERIMENTAL RESULTS
We now evaluate the proposed model comparing it with a number of well-known alternative classification methods. More specifically, we compare our structure-based classifier with some popular graph kernels, like the unaligned QJSD kernel (Bai et al., 2013) , the Weisfeiler-Lehman kernel (Shervashidze et al., 2011) , the graphlet kernel (Shervashidze et al., 2009) , the shortest-path kernel (Borgwardt and peter Kriegel, 2005) , and the random walk kernel (Kashima et al., 2003) . Note that for the Weisfeiler-Lehman we set the number of iterations h = 3 and we attribute each node with its degree.
The experiments were run on the following datasets: the PPI dataset, which consists of proteinprotein interaction (PPIs) networks related to histidine kinase (Jensen et al., 2008 ) (40 PPIs from Acidovorax avenae and 46 PPIs from Acidobacteria). The PTC (The Predictive Toxicology Challenge) dataset, which records the carcinogenicity of several hundred chemical compounds for male rats (MR), female rats (FR), male mice (MM) and female mice (FM) (Li et al., 2012 ) (here we use the 344 graphs in the MR class).
3) The COIL dataset, which consists of 5 objects from (Nene et al., 1996) , each with 72 views obtained from equally spaced viewing directions, where for each view a graph was built by triangulating the extracted Harris corner points. The Reeb dataset, which consists of a set of adjacency matrices associated to the computation of reeb graphs of 3D shapes (Biasotti et al., 2003) . Finally, the Mutag (Mutagenicity) dataset, which consists of graphs representing 188 chemical compounds, and aims to predict whether each compound possesses mutagenicity (Shervashidze et al., 2011) . Since the vertices and edges of each compound are labeled with a real number, we transform these graphs into unweighted graphs.
We use a binary C-SVM to test the efficacy of the kernels. We perform 10-fold cross validation, where for each sample we independently tune the value of C, the SVM regularizer constant, by considering the training data from that sample. The process is averaged over 100 random partitions of the data, and the results are reported in terms of average accuracy ± standard error. We use a similar approach for the cross validation of our method. We perform a 10-fold cross validation over the datasets, using the proposed model. We tested our method using different numbers of eigenvectors and eigenvalues, which can be seen as one of our free parameter. Furthermore, we tested the model with different levels of subsampling, that is, we sub-sampled all the graphs of Table 1 : Classification accuracy (± standard error) on unattributed graph datasets. OUR denotes the proposed model. SA QJSD and QJSU denote the Quantum Jensen-Shannon kernel in the aligned (Torsello et al., 2014) and unaligned (Bai et al., 2013) version, WL is the Weisfeiler-Lehman kernel (Shervashidze et al., 2011) , GR denotes the graphlet kernel computed using all graphlets of size 3 (Shervashidze et al., 2009) , SP is the shortest-path kernel (Borgwardt and peter Kriegel, 2005) , and RW is the random walk kernel (Kashima et al., 2003 the datasets (both training and test set) and apply our classification method to it. Fig. 2 shows the average classification accuracy (± standard error) on all the datasets as we vary the number of eigenvectors used. As you can see, every dataset behave differently based on the number of eigenvectors involved. In particular, for the COIL5 dataset, the use of more eigenvectors yields worst results, which means that the eigenvectors associated to the smaller non-zero eigenvalues of the spectra, models the classes better, while the subsequent ones just add noise to our representation. In the contrary, the Mutag dataset benefits from increasing the number of eigenvectors (and eigenvalues) involved in the creation of the class model. Fig.3 shows the average classification accuracy (± standard error) on all the datasets as we vary the percentage of sub-sampling applied to each graph of each dataset. In particular, the first accuracy measure corresponds to the application of our model on the spectral decomposition of the graphs where only 10% of the nodes were preserved. All the datasets (except for Mutag and PPI datasets) reach worse levels of ac- curacy with a lower number of nodes, meaning that the structural information given by each node of the model is useful for classification purpose. Conversely, the other datasets are more robust to sub-sampling. Table 1 shows the average classification accuracy (± standard error) of the different kernels and of our method on the selected datasets. The proposed model yields an increase of the performance with respect to the confronted graph kernels on all the used datasets. In particular, we obtained similar results with respect to the Weisfeiler-Lehman graph kernel on the PPI dataset. This is probably due to the use of the node labels in order to mitigate the localization problem and thus improving node localization in the evaluation process. Even though our model does not exploit node attributes, we were able to outperform all the kernels on all the other datasets.
CONCLUSION
In this paper we have introduced a novel model of structural representation based on a spectral description of graphs which lifts the one-to-one nodecorrespondence assumption and is strongly rooted in a statistical learning framework. We showed how the defined separate models for eigenvalues and eigenvectors could be used within a statistical framework to address the graphs classification task. We tested the defined method against a number of alternative graph kernels and we showed its effectiveness in a number of structural classification tasks.
